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Ω ⊂ C O(Ω) M (Ω)

f ∈ M (Ω) Pol(f) C
P(C) R(C)

1 Ω ⊂ C K ⊂ C K ⊂ Ω

(1) K ⊂ U ⊂ U ⊂ Ω U U f ∈ O(U)

(fn) ⊂ O(Ω) ‖f − fn; L∞(K)‖ → 0 (n → ∞)

(2) z ∈ Ω \K f ∈ O(Ω)

‖f ; L∞(K)‖ < |f(z)|

(3) K Ω K̂Ω : {z ∈ Ω; |f(z)| ≤ ‖f ; L∞(K)‖ ∀f ∈ O(Ω)}
: K = K̂Ω

(4) Ω \K V V ⊂ Ω

(5) Ω \K V V |⊂ Ω

(6) Ω \K V V ∩ ∂Ω 
= ∅

(7) Ω \K V ∂V ∩ ∂Ω 
= ∅
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Ω K (1) (2)-(3)

(4)-(7) Ω K

0 ≤ r < 1/4 r Ω = {z ∈ C; r < |z| < 1}, K = {z ∈ C; 2r ≤ |z| ≤ 1/2}
Ω \K (Ω \K) V1 = {z ∈ C; 1/2 <

|z| < 1} V2 = {z ∈ C; r < |z| < 2r} Ω \K = V1 � V2 V1 V2

Ω \K V1 = {z ∈ C; 1/2 ≤ |z| ≤ 1} V2 = {z ∈ C; r ≤
|z| ≤ 2r} {z ∈ C; |z| = 1} ⊂ V1 \Ω {z ∈ C; |z| = r} ⊂ V2 \Ω

V1 |⊂ Ω V2 |⊂ Ω V1 ∩ ∂Ω = {z ∈ C; |z| = 1} V2 ∩ ∂Ω = {z ∈ C; |z| = r}
(4)-(7)

Ω = {z ∈ C; |z| < 1} 0 < r < 1 r K = {z ∈ C; r/2 ≤ |z| < r}
Ω\K (Ω\K ) V1 = {z ∈ C; r < |z| < 1}

V2 = {z ∈ C; |z| < r/2} Ω \K = V1 � V2 V1 V2 Ω \K
V1 = {z ∈ C; r ≤ |z| ≤ 1} V2 = {z ∈ C; |z| ≤ r/2}

V1 |⊂ Ω V2 ⊂ Ω V2 ∩ ∂Ω = ∅ (4)-(7)

Ω ⊂ C K ⊂ C K ⊂ Ω

f ∈ O(Ω) (fn; n ∈ Z≥1) ⊂ R(C) (ξj; 1 ≤ j ≤ N) ⊂ ∂Ω

n ∈ Z≥1 Pol(fn) = {ξj; 1 ≤ j ≤ n} ⊂ ∂Ω ‖fn − f ; L∞(K)‖ → 0 (n → ∞)

( ) 1/2n (Qn(j, k); j, k ∈ Z) Ω

Ωn n ∈ Z≥1

Qn(j, k) :=

{
z ∈ C;

j

2n
≤ Re z ≤ j + 1

2n
,

k

2n
≤ Im z ≤ k + 1

2n

}
,

Ωn :=
⋃

(j,k)∈In
Qn(j, k), In := {(j, k) ∈ Z× Z; Qn(j, k) ⊂ Ω}

(Int Ωn; n ∈ Z≥1)

Ω =
⋃
n≥1

Int Ωn

Ω N0 ∈ Z≥1 n ≥ N0 n ∈ Z≥1

K � Int Ωn

δ0 := d(K, ∂ΩN0)

δ0 > 0 n ≥ N0

δ0 ≤ d(K, ∂Ωn) ≤ d(K, ∂Ωn+1) ≤ · · · ≤ d(K, C \ Ω)
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N ≥ N0 n ≥ N

√
2

2n−1
≤ δ0

n ≥ N

K ⊂ Int Ωn,√
2

2n−1
≤ δ0 ≤ d(K, ∂Ωn) ≤ d(K, ∂Ωn+1) ≤ · · · ≤ d(K, C \ Ω),

d(∂Ωn, C \ Ω) ≤
√
2

2n

∂ΩN C1 γ 1/2N

γ1, · · · , γN j ∈ {1, · · · , N} γj QN(k, l) ⊂ Ω γj
QN(k

′, l′) ∂Ω QN(k
′, l′)∩QN(k, l) = γj QN(k

′, l′)∩∂Ω 
=
∅ QN(k

′, l′) ξj ∈ QN(k
′, l′) ∩ ∂Ω

z ∈ K ζ ∈ γj

|ζ − ξj| ≤
√
2

2N
≤ δ0

2
≤ 1

2
d(K, ∂ΩN) ≤ 1

2
d(K, ∂Ω)

≤ 1

2
|z − ξj|

z ∈ K ζ ∈ γj 1/(z − ζ) K × γj

1

z − ζ
=

1

z − ξj

1

1− ζ−ξj
z−ξj

=
∞∑
k=0

(ζ − ξj)
k

(z − ξj)k+1

n ∈ Z≥1

fn :=
N∑
j=1

Rjn,

Rjn(z) := − 1

2πi

n∑
k=0

∫
γj

(ζ − ξj)
kf(ζ)dζ(z − ξj)

−k−1

fn ∈ R(C)

Pol(fn) = {ξ1, · · · , ξN} ⊂ ∂Ω
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‖f − fn; L∞(K)‖ = sup
z∈K

|f(z)− fn(z)|

= sup
z∈K

∣∣∣∣∣ 1

2πi

∫
γ

f(ζ)

ζ − z
dζ −

N∑
j=1

Rjn(z)

∣∣∣∣∣
= sup

z∈K

∣∣∣∣∣ 1

2πi

N∑
j=1

∫
γj

(
1

ζ − z
+

n∑
k=0

(ζ − ξj)
k

(z − ξj)k+1

)
f(ζ)dζ

∣∣∣∣∣
= sup

z∈K

∣∣∣∣∣ 1

2πi

N∑
j=1

∫
γj

∞∑
k=n+1

(ζ − ξj)
k

(z − ξj)k+1
f(ζ)dζ

∣∣∣∣∣
≤ 1

2π
‖f ; L∞(∂ΩN)‖ 1

δ0

∞∑
k=n+1

(
1

2

)k

L(γ)

=
1

2n+1πδ0
‖f ; L∞(∂ΩN)‖L(γ)

→ 0 (n → ∞)

L(γ) γ

K ⊂ C V C \K V

a, b Pol(f) = {a} fn ∈ R(C) (fn) ⊂ R(C) n

Pol(fn) = {b} ‖fn − f ; L∞(K)‖ → 0 (n → ∞)

( ) fn ∈ R(C) (pj; 0 ≤ j ≤ m)

f(z) =
m∑
j=0

pj(z)

(z − a)j
, z ∈ C \ {a}

a, b ∈ V I = [0, 1] γ : I → C γ(I) ⊂
V, γ(0) = a, γ(0) = b γ(I) K δ :=

d(γ(I), K) δ > 0 γ I (tν ; 0 ≤ ν ≤ l)

0 = t0 < t1 < · · · < tl = 1, max
1≤ν≤l

|γ(tν)− γ(tν−1)| ≤ δ

2

aν = γ(tν) a0 = a, al = b

max
1≤ν≤l

sup
z∈K

∣∣∣∣aν−1 − aν
z − aν

∣∣∣∣ ≤ 1

2

K δ/2

1

z − aν−1

=
1

z − aν

1

1− aν−1−aν
z−aν

=
∞∑
k=0

(aν−1 − aν)
k

(z − aν)k+1

(j − 1)

1

(z − aν−1)j
=

∞∑
k=0

(j + k)!

(j − 1)! k!

(aν−1 − aν)
k

(z − aν)k+j+1
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K R
(ν,j)
n ∈ R(C)

R(ν,j)
n (z) :=

∞∑
k=0

(j + k)!

(j − 1)! k!

(aν−1 − aν)
k

(z − aν)k+j+1
, z ∈ C \ {aν}

j ≥ 1

max
1≤ν≤l

sup
z∈K

∣∣∣∣ 1

(z − aν−1)j
−R(ν,j)

n (z)

∣∣∣∣
= max

1≤ν≤l
sup
z∈K

∣∣∣∣∣
∞∑

k=n+1

(j + k)!

(j − 1)! k!

(aν−1 − aν)
k

(z − aν)k+j+1

∣∣∣∣∣
≤ max

1≤ν≤l
sup
z∈K

∞∑
k=n+1

(j + k)!

(j − 1)! k!

∣∣∣∣aν−1 − aν
z − aν

∣∣∣∣k 1

|z − aν |j+1

≤ 1

δj+1

∞∑
k=n+1

(j + k)!

(j − 1)! k!

1

2k

→ 0 (n → ∞)

f(z) = p0(z) +
m∑
j=1

pj(z)

(z − a0)j

f (1)
n := p0 +

m∑
j=1

pjR
(1,j)
n

f
(1)
n ∈ R(C), Pol(f

(1)
n ) = {a1}

‖f − f (1)
n ; L∞(K)‖ → 0 (n → ∞)

ε > 0 N1 ≥ 1

‖f − f (1)
n ; L∞(K)‖ ≤ ε/l

f
(1)
N1

= p0(z) +
m∑
j=1

N1∑
k1=0

(k1 + j)!

(j − 1)! k1!

(a0 − a1)
k1pj(z)

(z − a1)k1+j+1

f (2)
n = p0 +

m∑
j=1

N1∑
k1=0

(k1 + j)!

(j − 1)! k1!
(a0 − a1)

k1pjR
(2, k1+j+1)
n

f
(2)
n ∈ R(C), Pol(f

(2)
n ) = {a2}

‖f (1)
N1

− f (2)
n ; L∞(K)‖ → (n → ∞)
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N2 ≥ 1

‖f (1)
N1

− f
(2)
N2

; L∞(K)‖ ≤ ε/l

2 ≤ ν ≤ l ν Nν ≥ 1

f (ν)
n := p0 +

m∑
j=1

N1∑
k1=0

· · ·
Nν−1∑

kν−1=0

(k1 + · · ·+ kν−1 + j + ν − 2)!

(j − 1)!

(
ν−1∏
μ=1

(aμ−1 − aμ)
kμ

kμ!

)
· pjR(ν, k1+ ··· +kν−1+j+ν−1)

n

f
(ν)
n ∈ R(C), Pol(f

(ν)
n ) = {aν}

max
2≤ν≤l−1

‖f (ν−1)
Nν−1

− f
(ν)
Nν

; L∞(K)‖ ≤ ε/l

fn := f
(l)
n fn ∈ R(C), Pol(fn) = {b}

‖f − fn; L∞(K)‖

≤ ‖f − f
(1)
N1

; L∞(K)‖+
l−1∑
ν=2

‖f (ν−1)
Nν−1

− f
(ν)
Nν

; L∞(K)‖+ ‖f (l−1)
Nl−1

− f (l)
n ; L∞(K)‖

≤ l − 1

l
ε+ ‖f (l−1)

Nl−1
− f (l)

n ; L∞(K)‖

lim sup
n→∞

‖f − fn; L∞(K)‖ ≤ l − 1

l
ε+ lim

n→∞
‖f (l−1)

Nl−1
− f (l)

n ; L∞(K)‖

=
l − 1

l
ε

Nl ≥ 1 n ≥ Nl n

‖f − fn; L∞(K)‖ < ε

(fn) ⊂ R(C)

:

(2) ⇔ (3): K ⊂ K̂Ω (2) (3)

K � K̂Ω ⇔ ∃z0 ∈ K̂Ω \K
⇔ ∃z0 ∈ K̂Ω \K : ∀f ∈ O(Ω), |f(z0)| ≤ ‖f ; L∞(K)‖

(4) ⇔ (5):
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(5) ⇔ (6) ⇔ (7): V ⊂ Ω V ⊂ Ω = Ω � ∂Ω

V ⊂ Ω ⇔ V ∩ ∂Ω = ∅ ⇔ ∂V ∩ ∂Ω = ∅

V |⊂ Ω ⇔ V ∩ ∂Ω 
= ∅ ⇔ ∂V ∩ ∂Ω 
= ∅

(1) ⇒ (4): Ω \K V V ⊂ Ω

∂V ⊂ K ∂V |⊂ K a ∈ ∂V \K
∂V ⊂ V ⊂ Ω a Ω \K Ω \K a

ε -

B(a; ε) ⊂ Ω \K
a ∈ V B(a; ε) ∩ V 
= ∅ B(a; ε) ∪ V Ω \K

V � B(a; ε) ∪ V V ∂V ⊂ K

V ∂V ⊂ K f ∈ O(Ω)

‖f ; L∞(V )‖ = ‖f ; L∞(∂V )‖ ≤ ‖f ; L∞(K)‖
z0 ∈ V z0 |∈ K δ := d(z0, K) > 0

U := {z ∈ Ω; d(z, K) < δ/2} U K ⊂ U ⊂ Ω z0 |∈ U

z ∈ U

f(z) =
1

z − z0

f ∈ O(U) (1) (fn) ⊂ O(Ω)

‖fn − f ; L∞(K)‖ → 0 (n → ∞)

sup
z∈K

|fn(z)(z − z0)− 1| = sup
z∈K

|z − z0||fn(z)− f(z)|

≤ sup
z∈K

|z − z0|‖fn − f ; L∞(K)‖ → 0 (n → ∞)

fm − fn ∈ O(Ω)

‖fm − fn; L∞(V )‖ = ‖fm − fn; L∞(∂V )‖
≤ ‖fm − fn; L∞(K)‖ → 0 (m,n → ∞)

g ∈ C(V ) g|V ∈ O(V )

‖fn − g; L∞(V )‖ → 0 (n → ∞)
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sup
z∈V

|g(z)(z − z0)− 1|

= sup
z∈V

|(z − z0) (g(z)− fn(z)) + ((z − z0)fn(z)− 1) |

≤ sup
z∈V

|z − z0| |g(z)− fn(z)|+ sup
z∈V

|(z − z0)fn(z)− 1)|

≤ sup
z∈V

|z − z0| ‖g − fn; L∞(V )‖+ sup
z∈∂V

|fn(z)(z − z0)− 1|

≤ sup
z∈V

|z − z0| ‖g − fn; L∞(V )‖+ sup
z∈K

|fn(z)(z − z0)− 1|

→ 0 (n → ∞)

z ∈ V

g(z)(z − z0) = 1

z = z0

(6) ⇒ (1): U ⊂ C K ⊂ U ⊂ U ⊂ Ω U

f ∈ O(U) ξj ∈ ∂U

(Rjn; n ∈ Z≥1) ⊂ R(C) (j = 1, · · · , N) :

Pol(Rjn) = {ξj} ∀ n ∈ Z≥1

‖Rn − f ; L∞(K)‖ → 0 (n → ∞)

Rn =
N∑
j=1

Rjn ∈ R(C)

j
(
f
(j)
n ; n ∈ Z≥1

)
⊂ O(Ω)∥∥Rjn − f (j)

n ; L∞(K)
∥∥ → 0 (n → ∞)

fn =
N∑
j=1

f (j)
n ∈ O(Ω) (fn)

ξj ∈ ∂U ⊂ Ω \K Ω \K V ξj ∈ V

V (6) V ∩ ∂Ω 
= ∅ ηj ∈ V ∩ ∂Ω V

ξj, ηj ξj, ηj |∈ K ξj, ηj C \K
n ∈ Z≥1 (Rjnl; l ∈ Z≥1) ⊂ R(C)

Pol(Rjnl) = {ηj} ∀n, l ∈ Z≥1

‖Rjnl −Rjn; L∞(K)‖ → 0 (l → ∞)
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(ln;n ∈ Z≥1) ⊂ Z≥1

l1 < l2 < · · · < ln → ∞ (n → ∞)

‖Rjnln −Rjn; L∞(K)‖ < 1/n ∀n

f
(j)
n := Rjnln | Ω (f

(j)
n ; n ∈ Z≥1) ⊂ O(Ω)

V K ⊂ B(0; r) r > 0 V (C\B(0; r))∩
V 
= ∅ ηj ∈ (C \ B(0; r)) ∩ V V ξj, ηj
ξj, ηj |∈ K ξj, ηj C \K n ∈ Z≥1

(Rjnl; l ∈ Z≥1) ⊂ R(C)

Pol(Rjnl) = {ηj} ∀n, l ∈ Z≥1

‖Rjnl −Rjn; L∞(K)‖ → 0 (l → ∞)

(ln; n ∈ Z≥1) ⊂ Z≥1

l1 < l2 < · · · < ln → ∞ (n → ∞)

‖Rjnln −Rjn; L∞(K)‖ < 1/n ∀n

l ≥ k k, l ∈ Z≥1

sup
z∈K

∣∣∣∣∣ 1

(z − ηj)k
+

l∑
m=k−1

m!

(m− k + 1)! ηm+1
j

zm−k+1

∣∣∣∣∣
= sup

z∈K

∣∣∣∣∣ 1ηkj 1

(1− z/ηj)k
− 1

ηj

l∑
m=k−1

m!

(m− k + 1)!

(
z

ηj

)m−k+1
∣∣∣∣∣

=
1

|ηj|k sup
z∈K

∣∣∣∣∣
∞∑

m=l+1

m!

(m− k + 1)!

(
z

ηj

)m−k+1
∣∣∣∣∣

≤ 1

|ηj|k
∞∑

m=l+1

m!

(m− k + 1)!

(
r

|ηj|
)m−k+1

→ 0 (l → ∞)

(pjn; n ∈ Z≥1) ⊂ P(C)

‖pjn −Rjnln ; L∞(K)‖ < 1/n ∀n

f
(j)
n := pjn| Ω (f

(j)
n ; n ∈ Z≥1) ⊂ O(Ω)

(2) ⇒ (4): Ω\K V V ⊂ Ω

(1) ⇒ (4) ∂V ⊂ K

f ∈ O(Ω)

‖f ; L∞(V )‖ = ‖f ; L∞(∂V )‖ ≤ ‖f ; L∞(K)‖

(2)

9



(6) ⇒ (2): (1) ⇔ (4) ⇔ (5) ⇔ (6) ⇔ (7)

(2) z0 ∈ Ω \K δ := d(z0; K) > 0

B(z0; δ/4) ⊂ Ω \K K ′ := K ∪B(z0; δ/4) Ω \K ′

V V ∩B(z0; δ/4) = ∅ Ω \K (6) V ∩ ∂Ω 
= ∅

U := Kδ/2 ∪ B(z0; δ/2), Kδ/2 := {z ∈ C; d(z;K) < δ/2}

U K ′ ⊂ U ⊂ Ω Kδ/2 ∩B(z0; δ/2) = ∅ Kδ/2

g ≡ 0 B(z0; δ/2) g ≡ 1 g ∈ O(U) K ′ g K f

(1) g f ∈ O(Ω)

‖f − g; L∞(K ′)‖ < 1/2

‖f ; L∞(K)‖ = ‖f − g; L∞(K)‖ < 1/2

‖f − 1; L∞(B(z0; δ/4))‖ = ‖f − g; L∞(B(z0; δ/4))‖ < 1/2

|f(z0)| = |1− (1− f(z0)) |
≥ 1− |f(z0)− 1|
≥ 1− ‖f − 1; L∞(B(z0; δ/4))‖ > 1/2 > ‖f ; L∞(K)‖

K ⊂ C

(1) K ⊂ U U f ∈ O(U) (pn) ⊂ P(C)
‖pn − f ; L∞(K)‖ → 0 (n → ∞)

(2) K ⊂ U :

f ∈ O(U) (pn) ⊂ O(C) ‖pn−f ; L∞(K)‖(n → ∞)

(3) C \K

Ω = C
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Ω ⊂ C K Ω \K

Ω ⊂ C K ⊂ C K ⊂ Ω

(Vλ; λ ∈ Λ) Ω \K Vλ ⊂ Ω

Λ K (Vλ; λ ∈ Λ)

K0 := K �
⋃
λ∈Λ

Vλ

Λ

λ ∈ Λ Vλ vλ ∈ Q2 ∩ Vλ

λ ∈ Λ vλ ∈ Q2 ∩ Vλ ϕ : Λ � λ �→ ϕ(λ) := vλ ∈ Q2

λ, μ ∈ Λ λ 
= μ Vλ ∩ Vμ = ∅ ϕ Q2

ϕ(Λ) ϕ : Λ � λ �→ ϕ(λ) ∈ ϕ(Λ) Λ

K0

K0 K R > 0 K ⊂ B(0;R)

K0 K0 ⊂ B(0; 2R) K0 |⊂ B(0; 2R) v ∈ K0

|v| > 2R v v ∈ K0 \ K λ ∈ Λ

v ∈ Vλ V := C \ B(0;R) V V ⊂ C \K
v ∈ V V ⊂ Vλ Vλ

K0

K0 \K0 ζ K0 K0 =

K �
⋃
λ∈Λ

Vλ ⊂ K � (Ω \K) = Ω K0 ⊂ Ω = Ω � ∂Ω ζ ∈ Ω ζ ∈ ∂Ω

ζ ∈ Ω ζ |∈ K0 ζ ∈ Ω \K Ω \K V ζ ∈ V

ζ ∈ K0 ∩V K0 ∩V 
= ∅ z ∈ V ∩K0

V ⊂ Ω \K z ∈
⋃
λ∈Λ

Vλ z ∈ Vλ λ ∈ Λ Vλ Vλ = V

Vλ ζ ∈ ∂Ω

δ := d(K, C \ Ω) > 0 ζ ∈ K0 (zn) ⊂ K0 zn → ζ(n → ∞)

ζ |∈ Ω

d(zn, C \ Ω) = inf{|zn − ξ|; ξ ∈ C \ Ω}
≤ inf{|zn − ζ|+ |ζ − ξ|; ξ ∈ C \ Ω}
= |zn − ζ| → 0 (n → ∞)
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d(zn, C\Ω) < δ/2 zn ∈ K0 B(zn; d(zn, C\Ω)) ⊂
Ω \K |z − zn| < d(zn, C \ Ω) z ∈ C z |∈ Ω

d(zn, C \ Ω) = inf{|z − ξ|; ξ |∈ Ω} ≤ |zn − z|

d(zn, C \ Ω) = inf{|zn − ξ|; ξ ∈ C \ Ω}
≤ inf{|z − zn|+ |zn − ξ|; ξ ∈ C \ Ω}
= |z − zn|+ inf{|zn − ξ|; ξ ∈ C \ Ω}
< 2d(zn, C \ Ω) < δ

z |∈ K

zn ∈ K0 ∩ (Ω \K) =
⋃
λ∈Λ

Vλ

zn ∈ Vλ λ ∈ Λ B (zn; d(zn, C\Ω)) Ω \K
B (zn; d(zn, C\Ω)) ⊂ Vλ

∅ 
= ∂Ω ∩ B (zn; d(zn, C\Ω)) ⊂ ∂Ω ∩ Vλ

Vλ ⊂ Ω K0 \K0

Ω ⊂ C K ⊂ C K ⊂ Ω

K Ω K̂Ω

K̂Ω := {z ∈ Ω; |f(z)| ≤ ‖f ; L∞(K)‖ ∀ f ∈ O(Ω)}

(Vλ; λ ∈ Λ) Ω \K Vλ ⊂ Ω

Λ K̂Ω

K̂Ω = K �
⋃
λ∈Λ

Vλ

K0 K̂Ω = K0

K0 ⊂ K̂Ω⋃
λ∈Λ

Vλ ⊂ K̂Ω λ ∈ Λ Vλ Ω \K

Vλ ⊂ Ω (1) ⇒ (5) ∂Vλ ⊂ K

f ∈ O(Ω)

‖f ; L∞(Vλ)‖ = ‖f ; L∞(∂Vλ)‖ ≤ ‖f ; L∞(K)‖

Vλ ⊂ K̂Ω K0 ⊂ K̂Ω
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K̂Ω ⊂ K0

K0 K0 ⊂ Ω Ω \K0

V V ⊂ Ω K0 = (K0)Ω̂
K ⊂ K0 K̂Ω ⊂ (K0)Ω̂ K̂Ω ⊂ (K0)Ω̂ = K0

Ω ⊂ C Ω (Un; n ∈ Z≥1) (i)(ii)

(i) n ∈ Z≥1 Un Un ⊂ Un+1

(ii) Un Ω Un

n ∈ Z≥1

Vn := {z ∈ Ω; d(z, ∂Ω) > 1/n, |z| < n}

Vn ⊂ Vn+1( ∀ n ∈ Z≥1), Ω =
⋃

n∈Z≥1

Vn

Vn Vn+1 (Vn)0
Vn+1 \ Vn Vn+1

Ṽn (Vn)0 = Vn � Ṽn

(Vn)0 Wn := Int(Vn)0 Vn ⊂ Vn ⊂ (Vn)0 Vn = IntVn ⊂
Int(Vn)0 = Wn Wn = (Vn)0 Wn = Int(Vn)0 ⊂ (Vn)0

Wn ⊂ (Vn)0 = (Vn)0 Vn � Ṽn ⊂ (Vn)0 Vn � Ṽn = Int(Vn � Ṽn) ⊂ Int(Vn)0 = Wn

(Vn)0 = Vn � Ṽn ⊂ Vn � Ṽn = Vn � Ṽn ⊂ Wn

U1 := W1, n1 := 1 U1 = W1 = (V1)0 Ω

n2 ≥ n1 U1 ⊂ Vn2 U2 := Wn2 U1 ⊂ U1 ⊂
Vn2 ⊂ Wn2 = U2 n1 ≤ n2 ≤ · · · ≤ nj, Uj = Wnj

, Uj ⊂ Vnj+1

j ∈ Z≥1 Uj ⊂ Uj ⊂ Vnj+1
⊂ Wnj+1

= Uj+1

Ω =
⋃

j∈Z≥1

Uj Uj Uj = Wnj
= (Vnj

)0

(Uj)Ω̂ =
(
(Vnj

)0
)
Ω̂
= (Vnj

)0 = Uj Uj

Ω Uj
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Ω ⊂ C

∂u

∂z̄
= f

f : Ω → C
u : Ω → C

∂

∂z̄
:=

1

2

(
∂

∂x
+ i

∂

∂y

)

f ∈ C∞
0 (C) z ∈ C

u(z) :=
1

2πi

∫
C

f(ζ)

ζ − z
dζ ∧ dζ̄

= − 1

π

∫
R2

f(ζ)

ζ − z
dξdη

ζ = ξ+ iη ∈ C � R2 dζ∧dζ̄ = (dξ+ idη)∧ (dξ− idη) = −2idξ∧dη

C � z �→ u(z) ∈ C u u ∈ C∞(C)
C

∂u

∂z̄
= f

Ω ⊂ C f ∈ C∞(Ω)

u ∈ C∞(Ω)

Ω (Un; n ∈ Z≥1) (ϕj; j ∈ Z≥1) ⊂ C∞
0 (Ω) Uj+1

ϕj = 1 ψ1 = ϕ1, ψj = ϕj − ϕj−1(j ≥ 2) j ≥ 2

Uj ϕj−1 = 1 Uj ⊂ Uj+1 ϕj = 1 Uj ψj = 0

(ψj; j ∈ Z≥1) Ω

∞∑
j=1

ψj = 1

f ∈ C∞(Ω) j ≥ 1 fψj ∈ C∞
0 (Ω) C\Ω

fψj ∈ C∞
0 (C) uj ∈ C∞(C)

C
∂uj

∂z̄
= fψj

14



j ≥ 2 Uj fψj = 0 uj Uj

(ii) uj|Uj ∈ O(Uj) Ω Uj−1

j ≥ 2 vj ∈ O(Ω)
∥∥uj − vj; L∞(Uj−1)

∥∥ ≤ 2−j

v1 ∈ O(Ω)

u :=
∞∑
j=1

(uj − vj)

k ≥ 2 (uj − vj)|Uj ∈ O(Uj) (uj − vj)|Ω ∈ C∞(Ω)

∞∑
j=k

(uj − vj)

L∞(Uk−1)

( ∞∑
j=k

(uj − vj)

)∣∣Uk−1 ∈ O(Uk−1)

u =
∞∑
j=1

(uj − vj) Ω

u ∈ C∞(Ω)

∂u

∂z̄
=

∞∑
j=1

∂

∂z̄
(uj − vj)

=
∞∑
j=1

∂

∂z̄
uj =

∞∑
j=1

fψj = f

u ∈ C∞(Ω)

Ω ⊂ C (Uλ; λ ∈ Λ) (fλμ ∈ O(Uλ∩Uμ); (λ, μ) ∈ Λ2
I),

Λ2
I := {(λ, μ) ∈ Λ2;Uλ ∩ Uμ 
= ∅} (i)(ii)

(i) alternating condition (λ, μ) ∈ Λ2
I Uλ ∩ Uμ

fλμ = −fμλ

(ii) cocycle condition (λ, μ, ν) ∈ Λ3
I := {(λ, μ, ν) ∈ Λ3;

Uλ ∩ Uμ ∩ Uν 
= ∅} Uλ ∩ Uμ ∩ Uν 
=

fλμ + fμν + fνλ = 0

(fλ ∈ O(Uλ); λ ∈ Λ) (λ, μ) ∈ Λ2
I Uλ ∩Uμ

fλμ = fμ − fλ
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(ϕλ;λ ∈ Λ) (Uλ;λ ∈ Λ)

λ ∈ Λ ϕλ ∈ C∞
0 (Ω;R) (ϕλ ≥ 0) Uλ (supp ϕλ ⊂

Uλ) Ω K

{λ ∈ Λ; supp ϕλ ∩K} 1
∑
λ∈Λ

ϕλ = 1 Ω

λ ∈ Λ

gλ :=
∑
μ∈Λλ

ϕμfμλ

Λλ := {μ ∈ Λ; (λ, μ) ∈ ΛI} (λ, μ) ∈
Λ2

I Uλ ∩ Uμ

gλ − gμ =
∑

ν∈Λλ∩Λμ

ϕν(fνλ − fνμ)

=
∑

ν∈Λλ∩Λμ

ϕν(fνλ + fμν)

=
∑

ν∈Λλ∩Λμ

ϕν(−fλμ)

=
∑

ν∈Λλ∩Λμ

ϕνfμλ = fμλ
∑

ν∈Λλ∩Λμ

ϕν = fμλ
∑
ν∈Λ

ϕν = fμλ

fμλ ∈ O(Uλ ∩ Uμ) Uλ ∩ Uμ

∂gλ
∂z̄

=
∂gμ
∂z̄

λ ∈ Λ Uλ

f |Uλ := −∂gλ
∂z̄

f : Ω → C gλ ∈ C∞(Ω) f ∈ C∞(Ω) Ω

∂u

∂z̄
= f

u ∈ C∞(Ω) fλ := gλ + u (λ, μ) ∈ Λ2
I

Uλ ∩ Uμ

fλμ = gλ − gμ = (fλ − u)− (fμ − u) = fλ − fμ

fλ Uλ

∂fλ
∂z̄

=
∂gλ
∂z̄

+
∂u

∂z̄
=

∂gλ
∂z̄

+ f = 0

fλ ∈ O(Uλ)
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Ω ⊂ C (Uλ; λ ∈ Λ) V = (fλ ∈ M (Uλ); λ ∈ Λ)

(λ, μ) ∈ Λ2
I := {(λ, μ) ∈ Λ2; Uλ ∩ Uμ 
= ∅}

fμ − fλ ∈ O(Uλ ∩ Uμ)

f ∈ M (Ω) λ ∈ Λ

f − fλ ∈ O(Uλ)

(λ, μ) ∈ ΛI fλμ := fμ − fλ ∈ O(Uλ ∩ Uμ)

fλμ = fμ − fλ = −(fλ − fμ) = −fμλ,

fλμ + fμν + fνλ = (fμ − fλ) + (fν − fμ) + (fλ − fν) = 0

(fλμ; (λ, μ) ∈ ΛI)

(gλ ∈ O(Uλ); λ ∈ Λ) (λ, μ) ∈ Λ2
I Uλ ∩ Uμ

fλμ = gμ − gλ

(λ, μ) ∈ Λ2
I Uλ ∩ Uμ

fμ − fλ = gμ − gλ

O(Uλ ∩ Uμ) Uλ ∩ Uμ

fμ − gμ = fλ − gλ

M (Uλ ∩ Uμ) λ ∈ Λ

Uλ

f Uλ := fλ − gλ

f ∈ M (Ω)

f − fλ = −gλ ∈ O(Uλ)

X V F (V )

U ⊂ V U, V ιVU : F (V ) → F (U)
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(S0) U ιUU : F (U) → F (U) U ⊂ V ⊂ W

U, V,W

ιWV : F (W ) → F (V ), ιVU : F (V ) → F (U), ιWU : F (W ) → F (U)

(compatibility condition)

ιVU ◦ ιWV = ιWU

F =
(
(F (V )), (ιVU )

)
X (presheaf of vector spaces on

X) X (presheaf on X)

X F X Ω U = (Uλ; λ ∈ Λ)∏
λ∈Λ

F (Uλ) :=

{
f : Λ →

⋃
λ∈Λ

F (Uλ); ∀λ ∈ Λ, f(λ) ∈ F (Uλ)

}
f = (fλ; λ ∈ Λ)

∏
λ∈Λ

F (Uλ)

(fλ; λ ∈ Λ) + (gλ; λ ∈ Λ) := (fλ + gλ; λ ∈ Λ)

a(fλ; λ ∈ Λ) := (afλ; λ ∈ Λ)∏
λ∈Λ

F (Uλ)

Λ2
I := {(λ, μ) ∈ Λ2; Uλ ∩ Uμ 
= ∅}

∏
(λ,μ)∈Λ2

I

F (Uλμ) :=

⎧⎨⎩f : Λ2
I →

⋃
(λ,μ)∈Λ2

I

F (Uλμ); ∀(λ, μ) ∈ Λ2
I , f(λ, μ) ∈ F (Uλμ)

⎫⎬⎭
f = (fλμ; (λ, μ) ∈ Λ2

I) Uλμ := Uλ ∩ Uμ∏
(λ,μ)∈Λ2

I

F (Uλμ)

(
fλμ; (λ, μ) ∈ Λ2

I

)
+
(
gλμ; (λ, μ) ∈ Λ2

I

)
:=

(
fλμ + gλμ; (λ, μ) ∈ Λ2

I

)
a
(
fλμ; (λ, μ) ∈ Λ2

I

)
:=

(
afλμ; (λ, μ) ∈ Λ2

I

)
∏

(λ,μ)∈Λ2
I

F (Uλμ)

f ∈ F (Ω) λ ∈ Λ ιΩUλ
(f) ∈ F (Uλ)

ε(f) :=
(
ιΩUλ

(f); λ ∈ Λ
)

ε(f) ∈
∏
λ∈Λ

F (Uλ) f, g ∈ F (Ω)

ε(f + g) =
(
ιΩUλ

(f + g); λ ∈ Λ
)
=
(
ιΩUλ

(f) + ιΩUλ
(g); λ ∈ Λ

)
=
(
ιΩUλ

(f); λ ∈ Λ
)
+
(
ιΩUλ

(g); λ ∈ Λ
)

= ε(f) + ε(g),

ε(af) =
(
ιΩUλ

(af); λ ∈ Λ
)
=
(
aιΩUλ

(f); λ ∈ Λ
)
= a

(
ιΩUλ

(f); λ ∈ Λ
)

= aε(f)
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ε : F (Ω) � f �→ ε(f) ∈
∏
λ∈Λ

F (Uλ)

(fλ; λ ∈ Λ) ∈
∏
λ∈Λ

F (Uλ) (λ, μ) ∈ Λ2
I ι

Uμ

Uλ∩Uμ
(fμ) −

ιUλ
Uλ∩Uμ

(fλ) ∈ F (Uλ∩Uμ) δ ((fλ; λ ∈ Λ)) :=
(
ι
Uμ

Uλ∩Uμ
(fμ)− ιUλ

Uλ∩Uμ
(fλ); (λ, μ) ∈ Λ2

I

)
δ ((fλ; λ ∈ Λ)) ∈

∏
(λ,μ)∈Λ2

I

F (Uλμ)

(fλ; λ ∈ Λ), (gλ; λ ∈ Λ) ∈
∏
λ∈Λ

F (Uλ)

δ ((fλ; λ ∈ Λ) + (gλ; λ ∈ Λ))

= δ ((fλ + gλ; λ ∈ Λ))

=
(
ι
Uμ

Uλ∩Uμ
(fμ + gμ)− ιUλ

Uλ∩Uμ
(fλ + gλ); (λ, μ) ∈ Λ2

I

)
=
((

ι
Uμ

Uλ∩Uμ
(fμ)− ιUλ

Uλ∩Uμ
(fλ)

)
+
(
ι
Uμ

Uλ∩Uμ
(gμ)− ιUλ

Uλ∩Uμ
(gλ)

)
; (λ, μ) ∈ Λ2

I

)
=
(
ι
Uμ

Uλ∩Uμ
(fμ)− ιUλ

Uλ∩Uμ
(fλ); (λ, μ) ∈ Λ2

I

)
+
(
ι
Uμ

Uλ∩Uμ
(gμ)− ιUλ

Uλ∩Uμ
(gλ); (λ, μ) ∈ Λ2

I

)
= δ ((fλ; λ ∈ Λ)) + δ ((gλ; λ ∈ Λ)) ,

δ (a(fλ; λ ∈ Λ))

= δ ((afλ; λ ∈ Λ))

=
(
ι
Uμ

Uλ∩Uμ
(afμ)− ιUλ

Uλ∩Uμ
(afλ); (λ, μ) ∈ Λ2

I

)
=
(
a
(
ι
Uμ

Uλ∩Uμ
(fμ)− ιUλ

Uλ∩Uμ
(fλ)

)
; (λ, μ) ∈ Λ2

I

)
= a

(
ι
Uμ

Uλ∩Uμ
(fμ)− ιUλ

Uλ∩Uμ
(fλ); (λ, μ) ∈ Λ2

I

)
= aδ ((fλ; λ ∈ Λ))

δ :
∏
λ∈Λ

F (Uλ) � (fλ; λ ∈ Λ) �→ δ ((fλ; λ ∈ Λ)) ∈
∏

(λ,μ)∈Λ2
I

F (Uλμ)

0 → F (Ω)
ε−→
∏
λ∈Λ

F (Uλ)
δ−→

∏
(λ,μ)∈Λ2

I

F (Uλμ) (4.1)

0 {0} 0 → F (Ω)

f ∈ F (Ω) (S0)

(δ ◦ ε)(f) = δ
(
(ιΩUλ

(f); λ ∈ Λ)
)

=
(
ι
Uμ

Uλ∩Uμ

(
ιΩUμ

(f)
)
− ιUλ

Uλ∩Uμ

(
ιΩUλ

(f)
)
; (λ, μ) ∈ Λ2

I

)
=
(
ιΩUλ∩Uμ

(f)− ιΩUλ∩Uμ
(f); (λ, μ) ∈ Λ2

I

)
=
(
0; (λ, μ) ∈ Λ2

I

)
= 0
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δ ◦ ε = 0 Im ε ⊂ Ker δ ε : F (Ω) →
∏
λ∈Λ

F (Uλ)

Ker ε = 0 (S1)

(S1) f ∈ F (Ω) λ ∈ Λ ιΩUλ
(f) = 0 f = 0

Im ε ⊂ Ker δ Im ε = Ker δ (S2)

(S2) (fλ; λ ∈ Λ) ∈
∏
λ∈Λ

F (Uλ) (λ, μ) ∈ Λ2
I

ιUλ
Uλ∩Uμ

(fλ) = ι
Uμ

Uλ∩Uμ
(fμ)

f ∈ F (Ω) λ ∈ λ ιΩUλ
(f) = fλ

X F Ω U (S1)(S2) Ω

U (4.1) (exact sequence) X (sheaf on X)

F X p ∈ Z≥0 U F

p (alternating p-cochain module)

Cp(U ,F ) :=
{
f =

(
fλ0···λp ; (λ0, · · · , λp) ∈ Λp+1

I

) ∈ ∏
(λ0,··· ,λp)∈Λp+1

I

F (Uλ0···λp);

fλσ(0)···λσ(p)
= sgn(σ)fλ0···λp ∀σ ∈ Sp+1

}

Uλ0···λp :=

p⋂
j=0

Uλj

Λp+1
I :=

{
(λ0, · · · , λp) ∈ Λp+1;Uλ0···λp 
= ∅}

Sp+1 {0, · · · , p} (p+ 1) sgn(σ) σ

p = 0

C0(U ,F ) =
∏
λ∈Λ

F (Uλ)

f ∈ Cp(U ,F ) (λ0, · · · , λp) ∈ Λp+1
I

(δf)λ0···λp+1 :=

p+1∑
k=0

(−1)kιUλ0···̂λk···λp+1
Uλ0···λp+1

(
fλ0···̂λk···λp+1

)
λ̂k λk
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(δf)λ0···λp+1 ∈ F (Uλ0···λp+1) σ ∈ Sp+2

(δf)λσ(0)···λσ(p+1)
=

p+1∑
k=0

(−1)kιUλσ(0)···̂λk···λσ(p+1)
Uλσ(0)···λσ(p+1)

(
fλσ(0)···̂λk···λσ(p+1)

)
=

p+1∑
k=0

(−1)kιUλσ(0)···̂λk···λσ(p+1)
Uλσ(0)···λσ(p+1)

(
sgn(σ)fλ0···̂λk···λp+1

)
=

p+1∑
k=0

(−1)ksgn(σ)ιUλσ(0)···̂λk···λσ(p+1)
Uλσ(0)···λσ(p+1)

(
fλ0···̂λk···λp+1

)
= sgn(σ)

p+1∑
k=0

(−1)kιUλσ(0)···̂λk···λσ(p+1)
Uλσ(0)···λσ(p+1)

(
fλ0···̂λk···λp+1

)
= sgn(σ)(δf)λ0···λσ(p+1)

δf ∈ Cp+1(U ,F ) U ⊂ V

ιVU δ : Cp(U ,F ) � f �→ δf ∈ Cp+1(U ,F )

δp f ∈ Cp(U ,F )

(δp+1 ◦ δp)(f) = δp+1(δpf)

=

p+2∑
k=0

(−1)kιUλ0···̂λk···λp+2
Uλ0···λp+2

(
(δpf)λ0···̂λk···λp+2

)
=

p+2∑
k=0

(−1)kιUλ0···̂λk···λp+2
Uλ0···λp+2

(∑
j<k

(−1)jιUλ0···̂λj ···̂λk···λp+2
U
λ0···̂λk···λp+2

(
fλ0···̂λj ···̂λk···λp+2

)
+
∑
j>k

(−1)j−1ιUλ0···̂λk···̂λj ···λp+2
U
λ0···̂λk···λp+2

(
fλ0···̂λk···̂λj ···λp+2

))

=

p+2∑
k=0

(−1)k
∑
j<k

(−1)jιUλ0···̂λj ···̂λk···λp+2
Uλ0···λp+2

(
fλ0···̂λj ···̂λk···λp+2

)

−
p+2∑
k=0

(−1)k
∑
j>k

(−1)jιUλ0···̂λk···̂λj ···λp+2
Uλ0···λp+2

(
fλ0···̂λk···̂λj ···λp+2

)

=

p+2∑
k=0

∑
j<k

(−1)j+kιUλ0···̂λj ···̂λk···λp+2
Uλ0···λp+2

(
fλ0···̂λj ···̂λk···λp+2

)

−
p+2∑
j=0

∑
k<j

(−1)j+kιUλ0···̂λk···̂λj ···λp+2
Uλ0···λp+2

(
fλ0···̂λk···̂λj ···λp+2

)

=

p+2∑
k=0

∑
j<k

(−1)j+kιUλ0···̂λj ···̂λk···λp+2
Uλ0···λp+2

(
fλ0···̂λj ···̂λk···λp+2

)

−
p+2∑
k=0

∑
j<k

(−1)k+jιUλ0···̂λj ···̂λk···λp+2
Uλ0···λp+2

(
fλ0···̂λj ···̂λk···λp+2

)
= 0
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δp+1 ◦ δp = 0 Cp(U ,F ) δp

Zp(U ,F ) := Ker δp

δp−1

Bp(U ,F ) := Im δp−1

p (p-cocycle module) p (p-coboundary module)

B0(U ,F ) = 0 δp+1 ◦ δp = 0 Bp(U ,F )

Zp(U ,F )

Hp(U ,F ) := Zp(U ,F )/Bp(U ,F )

Hp(U ,F ) U F p

(cohomology module of order k) p = 0 H0(U ,F ) = F (Ω)

(i)(ii) Ω U = (Uλ; λ ∈ Λ) O(Ω)

(fλμ; (λ, μ) ∈ Λ2
I) O(Ω)

U U O(Ω) U ⊂ V

ιVU : F (V ) � f �→ f |U ∈ O(U)

(fλμ) ∈ Z1(U ,O(Ω)) (fλμ) ∈ B1(U ,O(Ω))

Ω ⊂ C U O(Ω)

p ≥ 1

Hp(U ,O(Ω)) = 0

, ,

, ,

, ,
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